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Summary. The stress tensor of a polymeric system, solution or melt, is the sum
of “single molecule” terms which may be expressed as integrals involving the
distribution function in the phase space of a single molecule and “intermolecu-
lar” terms which involve the distribution function in the configuration space of
pairs of molecules. The evaluation of the single molecule terms is usually based
on the solution of the “diffusion” equation in the configuration space of a single
molecule. In the present development, an analogous “diffusion” equation in the
configuration space of a pair of molecules is developed. The development is
based on a generalization of the “time-smoothing” ideas introduced by Kirk-
wood. Expressions are obtained for the various friction coefficients as time
correlation functions.
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1. Introduction

The theory of the rheological behavior of polymeric systems involves a statistical
study of the behavior of the polymeric molecules and that of the solvent
molecules, if any. Most of the developments of these theories are “mean field”
theories in which the environment of a particular polymeric molecule, which is
made up of all the other polymeric molecules and the solvent molecules, is
idealized as a continuous background, usually a continuous Newtonian fluid. An
essential problem is then the determination of the distribution functions in the
configuration spaces of the single polymeric molecules.

The statistical expression for the stress tensor is an ensemble average. If the
forces are derivable from potentials of the form described in the following, a
portion of this term, the “single molecule term” may be written in terms of a
distribution function in the phase space of a single molecule; the remaining terms
involve the distribution functions in the configuration spaces of pairs of
molecules of the same or different species. In most treatments, only the single
molecule terms are considered. In the present discussion, we develop an equation
for the time evolution of the pair configuration space distribution functions.
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Approximations to these functions will lead to more accurate expressions for the
stress tensor and thus for the various rheological properties. In general, the
notation of Ref. [1] is used.

2. The system

Let r* be the vector to the center of mass of molecule, i, of species, «. The
configuration coordinates of the system are taken to be the set of vectors, r®, and
the sets of generalized coordinates, Q%, associated with each of the molecules.
The conjugate momenta are denoted p* and P*¥. These coordinates denoted
collectively as x* represent the subset of the phase space coordinates of the
entire system which describe the dynamical state of molecule i of species a. It is
also convenient to let x, represent the coordinates of a phase space of a single
molecule of species a.

The distribution function in the phase space of the full system, indicated
simply by x is denoted by f(x, ) and is normalized to unity:

jf(x, )dx =1 2.1

We then define a dynamical variable, B(x), in the full space as:
B(x) =Y 8(x™ — x,)0(x” — x) (2.2)
0]

where §(x* — x,) represents a product of §-functions in the variables indicated.
The average of a dynamical variable, such as B(x), over the ensemble
described by the distribution function f(x, t) is denoted by:

(B(x))= JB(x) f(x, 1) dx (2.3)

It follows directly from the definition (see Eq. (17.3-3) of Ref. [1]), that the
average the dynamical variable defined by Eq. (2.2):

(B(x)> =fQP(xe x5, 1) (2.4)

is the distribution function in the phase space of a pair of molecules of species
o and f.

The distribution function in the configuration space of a pair of molecules is
the integral of this function over all the conjugate momenta:

PR, 0% 08 08, 1) = jf&?(xw xg, 1) dp* dP* dp” dP’ (2.5)

It is frequently convenient to change variables from the pair #* and r? to the pair
R*# and r. The vector:

R* =yb — e (2.6)

is the vector from the center of mass of a molecule of species o to that of a
molecule of species 8, and r is the vector to the center of mass of the two molecule
system. The pair phase space distribution function expressed in terms of these
variables is denoted fQ(r, R, Q% QF, p*, P* p?, P’, 1), and the corresponding

configuration space distribution function is denoted ¥3(r, R, 0%, QF, 1).
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The distribution function in the phase space of a single molecule is:

Julxas ) =3 C6(x* — X)) (2.7

and the distribution function in the configuration space of a single molecule is:

¥, (x., 1) = ffa(xw 1) dp* dp* (2.8)

As in the usual treatments [1], we take the total potential energy of the
system, @7, to be the sum of contributions from intermolecqlar effects, @, from
intramolecular effects, the ¢*, and external effects, the ¢©*:

PP =0 +3 (% + ) (2.9)

The total intermolecular potential energy of the full system is taken to be the
sum of terms associated with all pairs of molecules:

@ =(1/2) ), o*# (2.10)
ai,fBf
We then take the potential energy associated with a pair of molecules of species

o and g to be the sum of terms associated with interactions between all pairs of
“beads” making up the two molecules:

o =Y P (2.11)
v

The potential, ¢24, which describes the force acting between bead v of a molecule
of species o and bead u of a molecules of species f is assumed to depend only on

the distance between the particular pair of beads:

R =|R3 (2.12)
where

R¥ =rf —y2 (2.13)

is the vector from bead av to bead fu.

The intramolecular potential associated with a molecule of species «, ¢, is
taken to be a function of the internal coordinates, Q%, only, and the potential
associated with external forces, ¢©?, is taken to be a function the Q% and the
position of center of mass, r®

The force on the center of mass of a molecule of species o due to the
interaction of bead av and bead fu is then:

0
Ff = o i (2.14)

and the total force on the center of mass due to the interactions of bead av with
the beads of a molecule of species f is:

Fif =% F (2.15)
H
Then the total force on a molecule of species « due to the beads of a molecule
of species f is:
Ff=Y% F*¥ (2.16)
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Finally, the total force on molecule i is:

F(T)ati — F(e)ai + Z Fai,Bj (2.17)
1}
where
. 0 ;
F(e)ozz [ . (e)oui 2.18
or* ¢ (2.18)

is the external force on the molecule.

It is also convenient to define a set of generalized forces (which lead to changes
in the orientations and internal configurations of the molecules). First, we have
the intermolecular contribution:

0

Fb=— @b 2.19
# =35 Lo (219)
The intramolecular term is:
0
Fl=— * 2.20
P=—35:% (220)
and the effects of external potentials are given by:
0
F = ©= 2.21
O = 5579 (221)
The total generalized force on molecule ai is then:
FDi = guy FOH LN Foly (2.22)

B
Next, we define a “hydrodynamic force”, in the phase space of a single
molecule, on bead v of a molecule of species « by the relation:

FOf (X, ) =), ””Fi‘ﬂf%’(r, R, 0%, 0%, p°, P p*, P, 1) dR dQ° dp® dP*
B
(2.23)

An integration of this equation over the momentum coordinates leads to:

FO, (%, 0% 1) = ¥ H j FPP3( R, Q% 0%, ) dQP dR  (2.24)
) |

where F* is the hydrodynamic force, in the configuration space, on bead v of
a molecule of species a, defined by Eq. (18.1-18) of Ref. [1].

In the present treatment, it is convenient to define a similar average force, the
“coupling force”, as an average force, in the phase space of a pair of molecules
of species « and B3, on bead v of a molecule of species «, due to all of the molecules
other than the particular pair. Explicitly, this force is defined by the relation:

FS")“ﬁfgzl?(xa, Xﬂ, t) = Z jF:VSg)’(xa9 X/;, xy’ t) dx? (225)
7

where f$), (x,, x5, x,, £) is the contracted distribution function in the phase space
of three molecules defined in a manner similar to that of f @ (x,, x4, £) by Eq. (2.4).
From this definition, it follows that:

FOH 85, xp 1) =3 JF:"B(xﬂf— x)O0H —x)f(x, D v (2.26)

7
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This force arises in the following developments.

We note that in the limit that the molecules « and § are far separated,
that is that ]rﬁ — r°‘| — 00, the coordinates of the molecules are uncorrelated so
that:

SRy X, 1) = fo(xo, Dfp(, 1) (2.27)

Furthermore, if this is true and if the forces are of sufficiently short range,
contributions to the integral on the right of Eq. (2.25) arise only when f§ is also
far from y and thus we may replace f$),(x,, Xz, X,, 1) in the 1ntegrand on the
lrlght of| Eq. (2.25) by the product f@(x,, x,, ) f/;(x,,, f). Thus, in the limit, that
rf—r* - o0:

F38f, (x,, Df5(x5, ) > Y. JF‘"f % (X X Dfp(Xg, 1) dx, (2.28)

It then follows from Eq. (2.23) that in this limit:
Fmb — Fin (2.29)

that is, the dynamical state of the molecule of species f affects this coupling force
on the molecule of species « only if it is sufficiently close the molecule of species
o.

3. The pair distribution function

To develop an equation for the time evolution of the pair distribution function,
we follow a development similar to that of section 17.5 of Ref. [1]. It follows
directly from the Liouville equation that, in general:

9 (B> = (£B0) (3.1

where B(x) is an arbitrary dynamical variable in the phase space of the full
system and & is the Liouville operator of the system. We then find that using the
dynamical variable, B, defined by Eq. (2.2), this general equation of change,
becomes:

0
(E 29 )f@,,%(xm,xp,z)— R CRE R - CRN)

(3.2)

where F{* is the coupling force defined by Eq. (2.25), £ is the Liouville
operator of an isolated pair of molecules of species, « and B:

SR=FO+LP+Y FF-P;+Y Fi - P (33)

and #{ is the Liouville operator of an isolated molecule of species, «, including
the effects of the intramolecular and external potentials. The 2% are vector
operators defined as:

0 0

75 a_Jr(ma)”zz *3P3 G4
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where the bJ, are the base vectors defined as:

0

becs_(ma)l/Z aQaR: (35)
and m? is the mass of bead v of a molecule of species a. Equation (3.2) with F{P*#
and F®f= get to zero is the Liouville equation of an isolated pair of molecules of
species o and f. The forces, F*f and F®#* describe the coupling of a typical
pair of such molecules with the remaining portion of the system, that is, with the
environment. Equation (3.2) is simply an integral of the Liouville equation of the
system and thus is exact. The “truncation problem” which is discussed in the
following is that of obtaining approximate expressions for the coupling forces, and
the method used is a generalization of that which leads to the usual “diffusion”
equation for the distribution function in the configuration space of a single
polymeric molecule.

In an important series of papers, Kirkwood [2] developed a basic approach
to the statistical mechanical theory of the nonequilibrium behavior of fluids.
Kirkwood considered primarily systems made up of molecules idealized as mass
points and obtained explicit expressions for the stress tensor and other statistical
quantities as integrals involving contracted distribution functions. Our previous
development [1] of the expression for the stress tensor of a system containing
polymeric molecules is largely an extension to systems of more complex molecules
of the approach used by Irving and Kirkwood [3]. The integral expressions are
exact, within the limitations of the molecular models. The essential problem which
introduces irreversibility, is that of obtaining a “closed” equation for the time
evolution of the pertinent distribution functions.

Kirkwood [2] introduced arguments which led to the conclusion that irre-
versibility enters the equations through a “time-smoothing”. This time-smoothing
is over a time interval, t, which is small on a macroscopic time scale but long on
the scale of molecular events. This time-smoothing leads to equations for the
hydrodynamic forces which are similar in form to those which are usually
introduced through a “Stokes’ law” type of empricism. In an earlier paper [4], these
ideas were used to develop the usual [1] “diffusion equation” in the configuration
space of a single molecule and expressions for the “friction coeflicients™. Here we
generalize these ideas to the configuration spaces of pairs of molecules.

Introducing the time-smoothing ideas, we average Eq. (3.2) over a previous
time interval of duration, t, starting at the ““present” time. The result is an equation
of very similar form:

(;t Fa )f(z)(xaaxﬂa f)= 2901 F(”)"‘ﬂf(z)(xa, Xp, 1) — Zgﬁ F(")ﬂ“f(z)(xa,xﬁ, f)

(3.6)

in which the pair distribution function, f@Q(x,, x4, f), is replaced by the time-
smoothed function:

- 1 (°
fgzzﬂ)(xu’ xﬁ’ t) = ; JO fg,?(xa, xﬁ; r— t/) dt/ (37)
and the coupling force is replaced by the time-smoothed force defined by:

o878 (xy, xg0 1) = - f FPof 3 (s x5, t — 1) dl! (3-8
0
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It follows from the definition, Eq. (2.25), that this force may also be written in
the form:

FOPFG (x5 xp, 1) = Z J f FfQ) (xy0 Xg, X0 t — 1) dx,dt’ (3.9)
or in terms of the distribution function in the phase space of the full system, as:

F(”)“”f(z)(xa, Xg, 1) =~ Z f JF“’(S(x"” X )0(xH — xp)f(x, t — t') dx dt’
(3.10)

where F* is the intermolecular force on bead v of molecule ai.

The essential approximation which leads to the decoupling of the equation
for the pair distribution function from that of the higher order distribution
functions is an approximation for the ensemble distribution function. In the
present development, we again [4] generalize the ideas introduced by Kirkwood
[2]. In evaluating the term in the sum of the right of Eq. (3.10) associated with
a particular pair of values of / and j, we take as an approximation to the
ensemble distribution function:

Sea®, 1)

a3, 1)

where f,,(x, ) and fQ) ., (x*, x#, 1) are the equilibrium ensemble and pair distri-
bution functions characteristic of the local macroscopic conditions. In this
approximation, the dependence of the ensemble distribution on the coordinates
of molecules, ai and f§j is exact but the dependence on the coordinates of the
remaining molecules in the system is that determined by local equilibrium
conditions. This approximation is analogous to the mean field ideas which are
usually used in the developments of theories of polymeric systems as indicated in
the previous development [4], but now it is a pair of molecules (rather than a
single molecule) in the “mean field” of the remaining molecules.

f06, 0 =fQx™, x%, 1) (3.1D

Since
SO, t —t) =f(x,, 1) (3.12)
where
Xo=e"%x (3.13)
and
Jea(x0, 1) =foq(x, 1) (3.14)

we find on expansion, that, to terms of first order in the time displacements:

f(X,t—t/) =f(x, f) {1 +[(x3i—x°" i—_-{—(xgj_xﬂf) 6ﬂ:|+ }
oxH

axdl
fRe, xP, 1)
fgfﬁ),eq (xm', xﬂj: t)
where sums over the coordinates x* and x# are implied.

Next, we define the time averages associated with the various coordinates
and momenta, collectively, as:

x In (3.15)
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PR B U
Lab = —F Fe(x — xP) dt’ (3.16)
[

where T is the local temperature. These quantities are functions in the phase
space of the complete system.
1t follows from Eq. (3.13) that:

(¥ —xP) = ("% — DxP (3.17)
which may be rewritten in the integral form:

- = |

0

r

"L ( LX) dt” (3.18)

When this integral form is used in the definition of the {**#, Eq. (3.16), and the
order of the time integrals interchanged, one finds that:

a1 [F S
CW=ﬁJO‘9HW%%m (3.19)
0

One may now take the limit that T — co. We thus find that the {*# are the time
correlation functions:

U B ;
fobi = — J F¥(e*¢x%) dt 3.20
kT Jo ( ) (320)

We next define an average friction coefficient, as a function in the phase
space of a pair of molecules of species « and f by relation:

(P PfR (s X, ) =), | LTHO(x — x,)00CcH — xp)f(x, 2) dx
i

_ L
kT4

where the angular brackets, {--->, indicate an average over the ensemble
distribution function. The superscripts are the species indices of the two factors
in the definition of the {**#, Eq. (3.16). This definition is similar to the definition
of the force F®™* by Eq. (2.25). The factors, £x?, in the integrand of this
expression are specifically:

<J N [F3 e LxF6(x* — x,)0(x¥ — x4) dt> (3.21)
0

Lrb = pbiimb (3.22)
LQY =Y GLPY (3.23)
t
gpﬁj = F(MHF (3.24)
PP =g _1 g PUpEi 6_2—51' GY (3.25)

where FT# and the % (7% are the total force and total generalized forces
defined by Eqgs. (2.17) and (2.22), respectively. It is to be expected that little
correlation occurs between the forces and the momenta and hence in the
following we neglect the {* associated with the configuration coordinates.

When the expression for the distribution function, f(x, t — t"), Eq. (3.15), is
used in the expression for F{P*#, Eq. (3.10), one finds that:

FOmSF ) (ks g, 1) = FOPTE (s g, 1) + FO0P TRk X, ) 4
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where

Foubss — kT [Csr,)m ai o 66 :I In SR X5, 1) (3.26)

fazﬂ eq(xw xﬁ’ t)

and the sums on the right implied by the notation, x,, involve only the momentum
coordinates. The term, F@D*# is the “hydrodynamic force” on bead v of a
molecule of species a as a function in the phase space of a pair of molecules. One
thus sees that the effect of the time smoothing is to add this hydrodynamic term.

The equation for the time evolution of the time-smoothed pair distribution
function, Eq. (3.6), then becomes:

G,
(at+$(?)f(2)(xa,xﬂ, t)+2@“ F(")"‘ﬂf(z)(xa,xﬂ,t)+z PE - FOPfQ(x,, xg, 1)

o

= — Y25 F0OH 0 (x,, x5, 1) — T P8 - FOVPTEx,, x5, 1) (327)
On comparing this with Eq. (3.2), one sees that the effect of the time-smoothing
is essentially that of adding the terms involving the “hydrodynamic forces” F{-D*#
and F"D#* The problem of obtaining a closed equation for the pair distribution
function then becomes that of evaluating the friction coefficients, the {4,

4. The “diffusion” equation
We next consider the contraction of the problem to the configuration spaces of

pairs of molecules. First, the time-smoothed configuration distribution function
is defined as:

PR, 0%k, 08 1) = ff(z)(xa, xg, 1) dp* dP* dp® dP* (4.1)
We then define averages in the configuration space of pairs by:
[ ]#PQ3@* 0% r%, QF, 1) = J(' WG Cxos Xg, 1) dp* dP* dp® dPP (4.2)

Then on integrating the equation for the time evolution of the time-smoothed pair
distribution, Eq. (3.27), over all the momentum coordinates, one obtains the
equation of continuity:

S EG0, 0%, 0%, )+ [ TPEG 6, 07,11, 05, )

1

wm P[P0, 0% 7%, 0%, 1)

+2

6Q G:tIIP?]]aﬂW*gc?(rm’ sz’ rﬁa Qﬁs t)

+26Qﬂ &

t mﬁ_q']g?(ra, Qaa r'Ba Qﬁa t) =0 (43)

Next, we multiply the same equation successively by the various momentum
coordinates and again integrate over all the momenta to obtain two sets of
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equations, which may be interpreted as equations of motion in the configuration
space of pairs of molecules. First, we define a “generalized Brownian” force,
F B8 by the relation:

G [[P:]]«ﬂsﬁ;w, 0% %, 0%,

1
apa apgg 2 a Lf B
mar PP Qr, Q% rf, Q5 1)
+15[[ﬁpaaﬁq;<2l; Y
m,,ar,,p " EQ, 0% r", 0%, 1)
6Q Gu[PLPI]#P G 0% 1, 0% 1)
t
+26Qﬁ tu s]]aﬁq_lgz?(ras Qaarﬂ9 Qﬂa t)
+3 Z(aQ Gi‘u> [[P"‘P“]]“ﬂ'l’(?(r Q= rf, 0%, 0
(4.4
Then, on multiplying Eq. (3.27) by P? and integrating, we find that;
FOb | FDey FOn F@ab | g Wb — () (4.5)
where
1
g:ga)aﬂ = g:gl? + 2 (ma)l/z vs [[F(n)aﬂ]] (4.6)
and
FPh =y '(—ul)1ﬁ bs, - F{F (4.7
where

Fsh)aﬁqyg‘?(ru’ Qa’ l‘ﬁ, Qﬁ, [) = JVJ‘JVJFSW,I)aﬂﬁ?(xw Xgs l) dp“ 170 e dpﬂ dPB (48)

Equation (4.5) is an effective force balance in the configuration space of a pair
of molecules of species « and f associated with coordinate Q%. The term % ¥*#
is the sum of an effective force associated with the direct interaction with a
molecule of species f and a term associated with the interaction with all the other -
molecules of species . The last term on the left of Eq. (4.5) is the “hydro-
dynamic force”, which arises from the terms on the right of Eq. (3.27). If we
assume, as an approx1mat10n that the {{¥*# are independent of the momentum
coordinates, we find that:

0 off 0 uf
N P MO e LY WE)

Pl off
+kTZ [ @an [[ﬁ In /3 eq (X0, X5, t)}] +kTZ [@ap u:@Pﬁ InfQ eq (x,, Xp, t)}l
(4.9)
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where

(9 = (UKT) ¥ < J i

0

e = (kD) 3 <f°°

0

F% ' FW d §(x* — a)a(xﬂf~xﬂ)> (4.10)

eq

F¥ e'?(LPY dt 6(x* — x,x)é(xﬁj—xﬁ)> (4.11)

<q

The friction tensors, {(**, and the vectors, {{?**, are functions in same space,
given by similar expresswn with F¥ replaced by F “ and P¥ replaced by PY¥.
Next, we define the total Brownian force, F®*#, on a molecule of species a by:

- 0 =
—FOPEG, 0% v, 0%, 1) = = [P 1*F G, 0%, 1%, 0% 1)

1 2 -4
+;n_§ pop*1* PR @, 0% ¢, 0%, 1)

1 =
. B loBgr (2) (o a Lf B
+m56rﬁ [[pp]] lPozjg(r =Q > ¥ aQ ’t)

+2
+2

aQ . GalPip T PG0e, 0%, 0%, 1)

aQﬂGft[[pr“]]“”T(”(r , Q% 18, 0%, 1)
(4.12)

Then in an analogous fashion, on multiplying Eq. (3.27) by p* and integrating
we find that:

F®0b | F@sf | F@wrf | FOp — (4.13)
where
F@bd = F8 % [F] (4.14)
and “
F®eb — Y Fas (4.15)

Equation (4.13) is a force balance, similar to Eq. (4.5), involving total forces on
the center of mass of the molecule of species a.

The equilibrium distribution function in the phase space of pairs is well-known
to be of the form:

fgc2ﬁ),eq (xou xﬁa t) =.fz;c,eq (xou t)fﬁ,eq (xﬂa t) exp( - ¢(a)mﬂ/kT) (416)

where @@*#, the potential of average force between the molecules, is a function
in the configuration space only. Since the dynamical states of two molecules which
are far apart are uncorrelated, this function has the property that:

O N (4.17)

as |R|— oo. The function f, ., (x,, #) is the equilibrium distribution function in the
phase space of single molecule of species «. This function is of the form:

Jrea oy ) = (1 1.q)Zo eq €xP[ — (@ + @) /KT (4.18)
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where J, ., is the normalization constant, which is fixed by the condition that:

ffa,eq(x‘,, 1) dQ* dp® dP* =n, (4.19)

the number density of molecules of species, . For simplicity, we assume that the
temperature, 7, of the system is uniform in space, but we will assume that the
stream velocity, o(r, ¢), is a function of both space and time. We then take the
momentum factor, Z,,, to be:

ford 1 O f ya Ol -4
ca!eq=exp|:—mzv:mv(rv —vv)2j| (4.20)
where
v =o(rl, 1) (4.21)

is the stream velocity at bead v of a molecule of species «.
Next, let us consider the expression for F{*f given by Eq. (2.25), evaluated
at equilibrium. First, we find from that relation and Eq. (4.15) that:

0
F(a)uﬁfg[;,eq(xw xﬂ, t) = Faﬂfgczlg,eq(xas xﬁ5 t) - Z J[arai ¢]

y

X 3(x* — x,)80cH — x5)f(X, Dog dx (4.22)

It then follows from the form of the equilibrium distribution function in the full
phase space that:

KT D, | 80k = %30 = xp) (afa,-ﬂx, t)eq> dx
=|:—aia (0*+ @) + F(a)aﬁ:lfgzﬁ),eq(xa, Xg, 1) (4.23)

From this it follows that:

d
[_ﬁ (¢o¢ + d)(e)a) + F(a)aﬁilfgg,eq(xw xg, t)

= —kT; (;ai S(x* — xa)> O(xH — xp)f (X, )eq dx

- kTa-i; 3| 8(x% — x,)0(e" — x5)f (%, £)eq dx
)

é
=kTE;f§?’eq(xa, Xp, 1) (4.24)
One then finds from the expression for f@ ., (x,, Xz, 1), Eq. (4.16), that:
F@e8 — __6_ @ @B (4_25)
or*
In a similar manner, it may be shown from Eq. (4.6) that:
F Db = g @ @=h (4.26)

’ 005
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That is, at equilibrium, the potential ®@*#, defined by Eq. (4.16), leads to the
average forces F@*f and & @ defined by Eqs. (4.6) and (4.14).

Using the form of the equilibrium pair distribution function given by Eq.
(4.16), the expression for the hydrodynamic force, Eq. (4.9), becomes:

b — =3 (mz e - (73] = 03) = 3 (mf jmP 2 - ([#L ]2 — o)

— Y. m) PGl =by, - ([Fe ] —v})

pst
— 2, (m)y PGP bs, - ([F4 ] —vf) (4.27)
st
If the flow field is homogenious, that is, if:

(a—ar v)Jr =K (4.28)

where x is independent of the space coordinate, r, the last expression for the
hydrodynamic force reduces to:

F®ob = @ . [[[,:a]]aﬁ —v(r*, ] — CSa)aB . [[[,:ﬂ]]aﬁ —o(r?, 9]

=Y, (m2)' PGl @ b, - [[RA]* —x - R2]

st

=3 (mf)'GLL** bl - [[RL]* ~x - RE] (4.29)

ust

It is now convenient to change variables from the coordinates of the centers
of mass of the two molecules, r* and rf, to the center of mass of the two
molecule system:

r = (m*r* + mPrf)/m (4.30)
where
m=m*+mb (4.31)

is total mass of the pair, and the vector between the centers of mass, R, de-
fined by Eq. (2.6) (to simplify the notation we no longer introduce the super-
scripts).

The equation of continuity, Eq. (4.3), then becomes:

d i, _
o Q@ 0% r% 0% 0 + P [FIPEQ = Q% rP, QF, 1)
0 s
— . BT (2) (p o« .8 NB
+6R [I:R:[I Trz/?(r 9Q ’r 9Q 5t)

0
+L 507

0
2507

and the expression for the hydrodynamic force, Eq. (4.27), becomes:

[0:]#PQ = 0% r?, Q1)

[OFT*FQ(r, Q% P, Q8 ) =0 (4.32)
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and the expression for the hydrodynamic force, Eq. (4.27), becomes:

PO = Qi L) (=t )+ (10 =200 ) ([R] xR

-2e @ ([Qr] —x: MZ) = T (PP ([QF ] — 1 : MF) (4.33)
where
=Y. (m})' G R;b, (4.34)

ut

The last result may be used in the expression for the generalized hydrodynamic
forces, F®*# Eq. (4.7), and the total hydrodynamic forces, F®*F,
Eq. (4.15) to obtam a set of linear equations which determine the momentum
averages, [F]*, [R]**, and [0 ]*. These may then be solved for the momentum
averages and the force balances, Egs. (4.5) and (4.13) then used in the resulting
expressions. The result is a set of expressions which may be used in the equation
of continuity, Eq. (4.3), to obtain a closed equation for the time evolution of the
distribution function, ¥ (%, Q% rf, 0%, 1). In the following, we develop these
ideas in a particular limiting approximation which will appear to be analogous to
that of neglecting “hydrodynamic interaction effects”.

5. Scalar friction coefficients
It follows from Eq. (4.10) that:

[@of =Y (@af (5.1
where '

(@b = ! <f F¥ e F% dr (x — x,)0(x% — xﬂ)> (5.2)
kT 7 eq

We next consider the expression for {{; @26 Eq. (4.11). The expression for ¥ P¥

is given by Eq. (3.25). If we again neglect the correlations between the forces and

momenta, we may neglect the terms in the sum. Then if we take the base vectors,

b4, to be constant or neglect the effect of the Liouville operator, £, on these

vectors, we find that:

[ =T (ml) LG B, (53)
“

Then to illustrate the development of a closed equation for $Q(r*, Q% rf, 0%, 1)
we will take:

L = 5,55,,0%6 (5.4)

where {* is a constant. It will appear, later, that this approximation is equivalent
to neglecting hydrodynamic interaction among beads on the same molecule, the
d,, factor, and among beads of different molecules, the J,; factor. We will also
assume that all the beads of a particular species of molecules are of the same mass.

m? = m®* (5.5)
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We then find from Egs. (4.7) and (4.33) that:
F O = — 5,0 m®%) Y g5 ([QF]* — x: M) (5.6)

and Egs. (4.15) and (4.33) that:
FO = — N ([ = o(r, 1) + NP} *([R]# = - B)  (57)

where N, is the number of beads making up a molecule of species . With these
approximations, the equations may readily be solved and one finds that:

[['-,:”aﬁ = v(r, t) _ (NﬂcﬁmaF(h)aﬁ + NacamﬁF(h)ﬁa)/(NaNﬂCaCﬂm) (58)

[R]* =i - R + (N,{PF®F — N,LF®8) [(N, N5 ) (5.9)
[0:] =k - M* — (m®>/(%) Y. G F #= (5.10)

The Brownian forces are given by Eqs. (4.4) and (4.12). If one uses Egs.
(4.18) and (4.20) with the v% set to a constant value to evaluate these expressions,
one finds that:

FO aQ Inl(g") ~"2¥@(r*, Q% ¥, 0%, 1] (5.11)
me* 0 0
Fows — _pr (79 9 Qe 0% 1B OF 1
kT(mar aR)ln?’aﬂ(r,Q,r,Q,t) (5.12)
B
FOR = —kT ('m‘”ag + aiz) In ¥, 0 r*, 0%, 1) (5.13)

It then follows from the force balances, Eqgs. (4.5) and (4.13), that:
[F]# = o(r, 1) — (NyLPmF @8 4 N, *mPF@8%) [(N, Ny¢*Prm)
NylP(m*)? + N, {*(mP)? &
N, Nl Pm?

NglPm*— N, (*mP 0
NN (*(’m @R
[RI =1 - R — (Np{"F @ — N,LF ) [(N,N,L L)
NglPm*— N, (*mP ¢

—kT

= In ¥R, 07 r, 0%, 1)

+&T

—In Y@@, 0%, 0F, 1) (5.19)

+kT ~ NﬁCaCﬁ r —InPQ@r 0% vk, 08 1)
NplP+ N,(* 0 «
—kT—mﬁ— aRl !P(zl?(r o, rﬁ Qﬂ 1) (5.15)

[Q2]* =k : M + (m®*/(%) ¥ G%,

X [ﬁg‘)“" -k HI2P A, 0% rf, O, t)] (5.16)

To avoid undue, but interesting, complications associated with “drift” of
pairs, we will restrict the discussion to the simple case which leads to
[#]** = v(r, 1). For this purpose we will assume that the number densities of the
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various species, the n,, and the external potentials, the ¢, are independent of
the position coordinate and time. The third term on the left of Eq. (5.14) is then
zero. We will then assume that:

N,{%/m* = Nyl #/m? (5.17)

so that the second and last terms are zero.
When the last set of equations is used in the equation of continuity, Eq.
(4.32), one finds that:

2 #G07, 041,079

6

+37 [x RPQr, Q%% Q% ) + - (F kT — )T‘?(r Q% v, OF, t)]

0 _
v 55 | £ MO0 0%, 00

m B

Caz

ZG (a'(a)mﬁ kT(g“)l/z aQ (g )—1/2)97(23(,. ro ,.B QB t)]

0 _
+ 8 57| K MIPGG 0%, 08,

(21
e zGﬂ(f@ﬂ* KT(g")'? Qﬁ(g/’)-”)a"(?(r 0.1, 0", t)]
(5.18)
where
NaNﬂCaCﬂ
—_ B> 5 1
‘ Ngl# + N, (* (3-19)
and
o« Fr(a@fe __ B (a)dﬂ
F=N°‘C F Nl F 9 — @ (5.20)

Nyl + N, (* " oR

Equation (5.18) is a generalization of the usual “diffusion equation” for the
distribution function in the configuration space of a single molecule to an
analogous equation for the pair configurational distribution function. The usual
equation for the time evolution of ¥, (r% Q% ) may be obtained from a limiting
form of the present equation.

‘ lIn the limit that the two molecules are far separated, that is, in the limit that
R|— o0:

PR, Q%8 08, 0 > P, (%, Q% )Ps(r, Q% 1) (5.21)
and

Fob > Fr FOn (5.22)



Polymeric systems: time evolution of pair distribution function 91

From these limits, it follows from Eq. (5.18) that:

d
005

(_f; 7% 0% 1)+ {x M2, %, 0%, 1)

m®e

S zczt[(f:wg@“)%(raga )
t

KA
Q7
where #* and & ©* are defined by Egs. (2.20) and (2.21). This is the usual

“diffusion equation” in the configuration space of a single molecule (see Eq.
(16.2-6) of Ref. [1]).

—kT(g%)'? = (g%~ *W.(r", Q% t)]} =0 (5.23)
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